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Abstract 
Natural convection in a cubic cavity filled with nanofluids and 

discretely heated, is studied numerically using a three-

dimensional finite volume formulation. Two heating square 

portions are placed on the vertical wall of the enclosure, while 

the rest of the considered wall is adiabatic. These sections are 

heated with a constant uniform temperature TH while the 

opposite vertical wall is maintained at a cold uniform 

temperature TC. The other walls are adiabatic. The fluid flow and 

heat transfer in the cavity are studied for different sets of the 

governing parameters, namely the Rayleigh number 103 ≤ Ra ≤ 

105, type of nanofluid copper (Cu), alumina (Al2O3) and titanium

(TiO2) and volume fraction 0.0 ≤ Ф ≤ 0.2 The heating sections 

dimension E and the Prandtl number Pr are respectively fixed to 

0.15 and 6.2 (water). 

Keywords: Natural convection, Nanofluids, Thermophysical 

properties, Heat transfer, Three dimensional cavity. 

1. Introduction

Flow and heat transfer induced by natural convection have 

been considerably studied these last decades because of its 

direct application in various fields of engineering such as 

the air conditioning, the energy efficiency, the cooling of 

the electronic components etc.…. The previous works had 

mostly focused on the improvement of heat transfer 

induced by natural convection, which led to the 

development of a new researches area based on the 

molecular structure of the fluid. Hence, the previously used 

fluids can be substituted by nanofluids, which are colloidal 

solutions composed by particles of nanometric size in 

suspension in a conventional fluid. The term nanofluid was 

proposed for the first time in 1995 by Choi [1] who opened 

the door to a new technology which presented higher 

thermal properties. In fact, this concept has been proposed 

as a technique to improve the performance of the thermal 

transmission of conventional fluids. Thus, the interest 

presented by the nanofluids has given rise to numerous 

studies which focused on the determination of their 

thermophysical properties such as the thermal conductivity, 

specific heat and dynamic viscosity and their impact on the 

flow and heat transfer. 

Putra et al. [2] have studied experimentally the behavior of 

nanofluids such as (Al2O3-water) and (CuO-water) inside a 

horizontal cylinder submitted to constant temperatures. 

They observed that the heat transfer decreases when the 

concentration of nanoparticles increases and becomes more 

significant in the case of nanofluid (CuO-water). 

Khanafer et al. [3] studied the improvement of heat 

transfer within a differentially heated enclosure. The 

horizontal walls are assumed to be isolated, non 

conductive and impermeable to the mass transfer. 

The nanofluid in the enclosure is incompressible 

Newtonian and laminar flow and the nanoparticles are 

assumed to have a shape and a uniform size. In addition, it 

is assumed that both the liquid phase and nanoparticles are 

in a state of thermal equilibrium and flow at the same 

speed. The Left vertical wall is maintained at a high 

temperature Th while the right one is maintained at a low 

temperature Tl. Thermophysical properties of the nanofluid 

are assumed to be constant, except for the variation of 

density in the force of buoyancy, which is based on the 
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approximation of Boussinesq.  They authors used the 

Brinkman model [4] to evaluate the viscosity of the 

nanofluid and the wasp model [5] for the thermal 

conductivity of the actual nanofluid. They studied 

numerically the improvement of heat transfer in a 

bidimensional enclosure, for different Grashof numbers 

and volume fractions.  

The results show that compared to a pure fluid, the 

nanoparticles in suspension increase significantly the rate 

of heat transfer for given Grashof number. In addition, the 

heat transfer is enhanced by an increasing volume fraction 

of the nanoparticles. Hence, the presence of nanoparticles 

in the fluid changes the structure of the fluid flow and hest 

transfer. The authors have also proposed a correlation of 

the heat transfer rate expressed by Nusselt number for 

different Grashof number, and different volume fractions 

of nanoparticles.  

Oztop and Abu-Nada [6] have studied numerically the 

natural convection in the rectangular enclosures partially 

heated. They analyzed the effect of the volumic 

concentration, the type of nanoparticles, Rayleigh number, 

the length and the position of the heat source and the 

aspect ratio of the enclosure. 

The results indicated that the improvement of the heat 

transfer depends on the governing parameters and has the 

same trend as that obtained by Jou and Tzeng [7]. Hence, 

it has been found that the position of the heat source 

affects significantly the thermal and dynamical behavior of 

the nanofluid. In addition, the increase of heat transfer 

within the cavity is more important when for low aspect 

ratios. 

The influence of the magnetic field on the natural 

convection has been studied in the case of nanofluids in 

2011 by Ghasemi and al. [8]. These authors used the finite 

volumes method to study the convective behavior of the 

nanofluid (Al2O3−water) in a square cavity differentially 

heated and submitted to a horizontal constant magnetic 

field. The results showed that the heat transfer decreases 

with the increase in the Hartmann number and that the 

increase in the volumic concentration, can lead to either an 

improvement or a decrease of the thermal heat transfer 

according to the chosen values of the Hartmann number 

and the Rayleigh number. This work of Ghasemi and al. [9] 

has been followed by another study of the same problem, 

conducted by Nemat et al. [10], who used the Boltzmann 

method to achieve the numerical simulations. The obtained 

results indicate that the average Nusselt number improves 

with the increase of the volume fraction of the 

nanoparticles. However, the effect of this parameter 

becomes less important in the presence of a high magnetic 

field. 

Mahmoudi et al. [11] presented a numerical investigation 

on the natural convection in a square enclosure filled with 

nanofluid (Cu-water). A single heating source, generating a 

constant heat flux, is placed on the left vertical wall of the 

enclosure.The other vertical wall is maintained at constant 

cold temperature, while the other walls are thermally 

isolated.  

The same models as those used by Guiet and al. [12], are 

applied to evaluate the viscosity and the thermal 

conductivity of the nanofluid. The effects of solid 

concentration of the nanofluid, the Rayleigh number, the 

position and the geometry of the heat source on the heat 

transfer are studied. The results show that the flow and 

heat transfer are significantly affected by the heating 

source dimension.  Hence, the average Nusselt number 

decreases when the length of the heating increases.  

On the other hand, the Nusselt number increases linearly 

with the increase of solid concentration of the nanofluid. 

The same results have been found by Ravink et al. [13], 

who showed that the heat transfer is significantly enhanced 

by the increase of the volumic fraction of the nanofluid. 

This improvement is evident, compared to the case of pure 

water and also in the case of dominant conduction heat 

transfer. 

The previous review shows the existence of numerous 

theoretical and practical studies, conducted on this subject. 

However, most of these available works considered the 

case of two-dimensional natural convection while the 

three-dimensional approach allows a better and more 

realistic simulation of the fluid flow and heat transfer 

within the cavity [13].Hence, the purpose of the present 

investigation is to study numerically the laminar natural 

convection in a cubical enclosure filled with nanofluid and 

heated from the side with two heating square sections. The 

temperature of the opposite vertical wall is maintained at a 

cold uniform temperature. The temperature distributions, 

the velocity patterns and the heat transfer rates are 

analyzed and discussed in this paper. 

2. Problem Formulation 

The schematic of the considered configuration is shown in 

fig 1. The model consists of a three-dimensional cavity. 

Two heating sources are integrated on the left vertical wall 

of the cavity and maintained at the temperature TH. The 

rest of the considered wall is adiabatic while the 

temperature of the opposite vertical wall is maintained at a 

uniform cold temperature TC. The cavity dimensions are   

L = H = W = 1 while the length of the square sections is   

E = 0,15. 
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Fig 1: Studied configuration and coordinates 

 

The governing equations are discretized by the finite 

volume method, adopting the Boussinesq approximation 

and neglecting the viscous dissipation. The physical 

parameters are given by the following equations: 

- The density: 

 

 1nf f np                         (1) 

 

- The heat capacitance of the nanofluid [14]:  

 

      1p p pnf f np
C C C            (2) 

 

- Thermal expansion coefficient:  

 1nf f np                              (3) 

 

- The dynamic viscosity of the nanofluid: 

Brinkman [4] has extended the Einstein formula to cover a 

wide range of volumetric concentrations. 
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- Thermal diffusivity of nanofluids: 
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- The thermal conductivity of nanofluids: 

The formula of Maxwell [15] is given by: 

 

 

 

2 2

2

np f f npnf

f np f f np

k k k kk

k k k k k





   
 
   
 

          (6) 

nfk , fk and npk are respectively the thermal 

conductivities of the nanofluid, of the basic fluid and solid 

nanoparticles. 

In the previous expressions, indices f and np represent 

respectively basic fluid and dispersed nanoparticles. The 

thermo-physical properties of the basic fluid, water, and 

the considered nanoparticles are given in Table I.  

In order to obtain dimensionless equations, the following 

parameters are then used: 
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Table 1:Thermophysical properties of water and of nanoparticles 

 ρ(kg.m-3) β(K-1) k(W.m-1.K-1) Cp(J.kg-1.K-1) 

Pure Water 997.1 21x10-5 0.613 4179 

AL2O3 3970 0.85x10-5 40 765 

Cu 8933 1.67x10-5 400 385 

TiO2 4250 0.90x10-5 8.9538 686.2 

 

Hence, the obtained dimensionless governing equations 

are: 
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Where Ra and Pr are respectively the Rayleigh number 

and the Prandtl number defined by: 
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The adopted thermal boundary conditions are: 

0.5    , for 1X    ; on the cold wall 

0.5   , for 0X    on the heating portions; 

0
n





 On the adiabatic walls 

 

Where n refers to the normal to the considered wall. 

The adopted hydrodynamic boundary conditions are: 

0U V W    for all walls. 

The local Nusselt number defined as: 
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The average Nusselt number, Nua, is defined as the integral 

of the temperature flux through a wall. For a nanofluid at 

vertical cold wall, it is written as: 
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3. Numerical method 

The equations system (7-11) associated with the above 

boundary conditions are solved numerically using the finite  

volumes method [16] and power law schema. The 

conservation equations associated with the continuity 

equation are resolved using the SIMPLEC algorithm. The 

resolution of the Algebric System is then based on the The 

Alternating Direction Implicit scheme (ADI).  

The tri-diagonal system, obtained in each direction, is then 

solved using the Thomas algorithm. The convergence of 

the numerical code is established at each time step 

according to the following criterion: 
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Where Ф represents one of the variables (U; V; W; T; P) 

and i; j and k are the grid positions. 

n represents the number of time steps. 

To check the effect of the grid size, preliminary tests have 

been conducted for different sets of the governing 

parameters. The results obtained are relative to the 

nanofluid water-Al2O3 (Ф=0.1) and Ra=10
3
 are presented 

in Table II. Hence, the non-uniform staggered grid of 

41×41×41 nodes was estimated to be appropriate for the 

present study since it permits a good compromise between 

the computational cost (a significant reduction of the 

execution time) and the accuracy of the obtained results. 

Thereafter, the present code has been validated by 

comparing its results with those published by previous 

studies in the case natural convection in a cavity filled with 

nanofluid. The tests were conducted based on the results of 

Ravnik et al. [13]. Table III presents a comparison 

between the results of two studies in term of average 

Nusselt number for different sets of the governing 

parameters and different nanofluids. The results are found 

to be in excellent agreement with a maximum difference of 

3.59%. Three-dimensional isotherm contours were also 

produced and found to be in good agreement with those 

reported previously in references [13]. 

Table 2: Variation of the Nusselt number with different grids 

Grids 21x21x21 31x31x31 41x41x41 51x51x51 61x61x61 

Nua 1.367004 1.357282 1.353103 1.350895 1.349503 

Table 3: Comparison of the average Nusselt number between our results and those of  Ravnik et al.[13] 

 Ra Water Water+Cu Water+Al2O3 Water+TiO2 

Ф = 0.0 Ф = 0.1 Ф = 0.2 Ф = 0.1 Ф = 0.2 Ф = 0.1 Ф = 0.2 

Ravnik et al. [13] 103 1.071 1.363 1.758 1.345 1.718 1.297 1.598 

This study 103 1.080 1.371 1.767 1.353 1.727 1.304 1.607 

Relative gap 103 0.84% 0.58% 0.51% 0.59% 0.52% 0.53% 0.56% 

Ravnik et al. [13] 104 2.078 2.237 2.381 2.168 2.244 2.115 2.132 

This study 104 2.121 2.277 2.415 2.206 2.275 2.153 2.162 

Relative gap 104 2.06% 1.78% 1.42% 1.75% 1.38% 1.79% 1.4% 

Ravnik et al. [13] 105 4.510 4.946 5.278 4.806 4.968 4.684 4.732 

This study 105 4.672 5.095 5.409 4.948 5.086 4.823 4.845 

Relative gap 105 3.59% 3.01% 2.48% 2.95% 2.37% 2.96% 2.38% 
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4. Results and Discussions 

The results presented in this section were obtained for 

Rayleigh numbers Ra ranging between 10
3
 and 10

5
 and the 

volume fraction ranging between 0 and 0, 2. The 

considered nanoparticles are either copper (Cu) or alumina 

(Al2O3) or titanium (TiO2).  

 

 

                                          

 

 

 

The dimension of the heating sections E and the Prandtl 

number Pr were respectively fixed at E= 0.15 and 6.2 

(water). Isotherms and streamlines are presented in order 

to illustrate the nanofluid motion and the heat transfer 

within the cavity. The variation of the average Nusselt 

number with the governing parameters was also 

investigates. 

                                           (a)                                                                                         (b) 

 

 

                 
 

Fig 2: (a) 3D Streamlines and (b) 3D isotherms for Ra = 105 and Ф = 0.2 

 

4.1 Isotherms 

In order to visualize the flow and the temperature 

distribution within the studied cavity, 3D streamlines and 

isotherms are presented  respectively in fig 2(a) and 2(b), 

for Ra=10
5 
and Ф=0.2. The figures show that the fluid flow 

consists of a big and unique cell occupying the entire 

cavity. The fluid motion leads the heat from the active 

sections through the cavity. High values of the temperature 

are normally observed in the upper part of the enclosure as 

shown by the corresponding isotherms.  

For more visibility of the fluid motion and heat transfer, 

streamlines and isotherms are presented at the mid-plane of 

the cavity (Z= 0.5). Further flow presentations were 

produced for different plans in the cavity, and show that 

the flow consists of a single cell, turning clockwise and 

presenting a symmetry relative to the center of the cavity 

(Z = 0.5) for the considered cases. Hence the Fig 3 

represents the isotherms obtained in Z plan for the 

different values of Ra and a volume fraction of 

nanoparticle Ф equal to 0.2. 

 

 

 

For low values of Ra (Ra= 10
3
), we can notice a slight 

distortion of the isotherms in all the presented cases, 

characterizing the appearance of the convective regime 

within the cavity. The increase of Ra leads to a better heat 

transfer from the hot portions to the cold wall as shows the 

corresponding isotherms. This effect is noticed for all 

considered plans. 

Hence, the plane Z = 0.5 was chosen for the following 

presentations. This plan, perpendicular to the vertical wall 

containing the heating sections, is characterized by high 

activity and presented adequately the fluid motion and the 

heat transfer. In addition, it presents a perfect symmetry 

(compared to the plane Z = 0.3 and Z=0.7). 

In this section, we consider the case where the cavity is 

filled with water and three other solid nanoparticles, Cu, 

Al2O3, and TiO2. The volume fraction solid varies from 

0% to 20%. 

In Fig 4, we present isotherms in the plan Z=0.5, for 

Ra=10
3
 for different volume fraction 0.0 ≤Ф ≤0.2 and 

different nanofluids. The case of pure water (Ф =0) is also 

shown on these figures as a reference. For all the 

considered nanofluids, isotherms show a similar 
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temperature distribution. Considering each nanofluid, the 

variation of the volume fraction has no effect in the central 

part of the enclosure. However, larger differences are 

shown near the horizontal walls. This is due to the rotating 

nature of the flow inside the enclosure. The thermal fields 

are also characterized by a horizontal stratification within 

the cavity and by high thermal gradients on the active 

walls.

  

                             Ra=10
3
 

 

                            Ra=10
4
 

 

                            Ra=10
5
 

Z
=

0
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Z
=

0
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Z
=

0
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Fig 3: The isotherms for water Al2O3 for different Z plans and different Ra. 
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Fig 4: Temperature contours in the plan Z=0.5, for different nanofluids and Ra=103 with 0.0 ≤ Ф ≤0.2 

4.2 Velocity:  

Since the active walls of the geometry are in the X 

direction and the main vortex, induced by natural 

convection is in the Z plane; we chose the plan Z=0.5 to 

present the vertical velocity profiles Vy (0.5H; Y; 0.5H) 

and horizontal one VX (X; 0.5H; 0.5H). These profiles, 

shown in Fig 5, correspond to Ra=10
3
 and 10

4
; 0.0 ≤ Ф 

≤0.2 and different nanofluids.  

They show a slow motion of the nanofluid compared to the 

pure water (Ф=0) for all the presented cases. In addition, 

the velocity decreases by increasing the volume fraction, 

for a chosen nanofluid and a fixed value of Ra.  

Generally, higher values of Ra induces higher velocities 

and smaller difference between the maximum values 

(relative to Ф = 0) of velocity for a considered nanofluid 

and Ф value. Indeed, in the case of pure Water and 

nanofluid-Al2O3 and for Ra = 10
3
, the deviation (relative to 

Ф = 0) between the maximum values of the horizontal  

 

 

 

speed are Vmax 18.60% for Ф=0.05 and Vmax  

30.23% for Ф=0.1. While Vmax1.66% for Ф=0.05 and  

Vmax 4.16% for Ф=0.1 in the case of Ra= 10
4
. 

However for the vertical velocity, the differences between 

maximum values are Vmax17.77 % for Ф=0.05 and  

Vmax 26.66 for Ф=0.1 and Ra = 10
3
. By increasing the 

Rayleigh number, these deviations decrease. For Ra= 10
4
 

these deviations are Vmax1.74 % for Ф=0.05 and 

Vmax 4.34 for Ф=0.1. 

In order to highlight the velocity differences between the 

nanofluids, we present in Fig 6, the vertical velocity 

component obtained in the plane Z = 0.5, Ra = 10
4
, Ф=0.2 

and different nanoparticles (Cu, TiO2 and Al2O3). We can 

notice similar profiles for all the considered nanofluids. 

However, Cu nanoparticles … a higher speed motion 

compared to Al2O3 or TiO2. This should result in a higher 

heat transfer rate in the case of the nanofluid water+Cu. 
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Fig 5. Speed vertical component in the plane Z=0.5 for Ra=103,104 and different nanofluids 
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Fig 6: Profiles of the speed vertical component in the plan Z=0.5 of 

different nanofluids, for Ra=104 and Ф=0.2. 

 

4.3 Nusselt Number 

Fig 7 represents the variation of the average Nusselt 

number (Nua) as a function of the volume fraction of Cu 

nanoparticles, TiO2 and Al2O3 for different values of the 

Rayleigh number. We note that for a volume fraction 

given, Nua increases when Ra increases. For all values of 

Ra, the average Nusselt number increases with the volume 

fraction in nanoparticles. This increase is due to the 

improvement of the thermal conductivity of the actual 

nanofluid, when the volume fraction of nanoparticles 

increases. Indeed, as shown in Table IV, the values of the 

average Nusselt number through are higher when the 

nanofluide used is based on Cu nanoparticles. This figure 

also shows the effect of the type of nanoparticles on the 

variation in the number of average Nusselt, the rate of   

transfer of heat is the maximum for the copper, which has 

the largest thermal conductivity by report to TiO2, and 

Al2O3.
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Fig 7: The variation of the average Nusselt number with Ra for different volume fraction and different nanofluids. 
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Table 4: Variation of the average Nusselt with Ra for differentnanofluids. 

 Al2O3 Cu TiO2 

Ra=103 0,9005131 0.9205365 0.8371417 

Ra=5x103 0,9327757 0.9611410 0.8711013 

Ra=104 1,000807 1.038598 0.9399605 

Ra=5x104 1,386655 1.451977 1.310881 

Ra=105 1,597783 1.671166 1.510750 

5. Conclusions 

The study of the natural convection in a three-dimensional 

cavity heated by two portions on its vertical wall was 

carried out numerically. Isotherms, fluid velocity and heat 

transfer have been studied. The obtained results showed 

the important effect of some parameters such as, the 

volume fraction, the nanoparticles type and the Rayleigh 

number. Hence, the increase of Ra leads to a large 

improvement of heat evacuated through the cavity. 

Similarly, the increase of the volume fraction causes an 

intensification of the flow and an increase of thermal 

exchanges. In addition, the resulting heat transfer in the 

case of Cu nanoparticles is higher than that obtained with 

TiO2, and Al2O3. 

 

Nomenclature 
Cp  = Specific heat, J.kg-1.K-1   

g  = Gravitational acceleration, m.s-2 

L  =  Side of the square hot sector 

k  =  Thermal conductivity, W.m-1.K-1      

Nu  =  Nusselt number 

p =  Pression, Pa 

P =  Non-dimensional pression 

Pr = Prandtl numbre  

p  =  Pression N/m2 

Ra  =  Rayleigh number 

T  = Température  

tP
  = Dimensional period 

T  =  Temperature , K 

u,v,w  = Dimensional velocities m.s-2 

U,V,W  =  Dimensionless velocities, 

x, y, z  =  Dimensional coordinates, m 

X,Y,Z  =  Dimensionless Cartesian coordinates 

Greek symbols 

   =  Thermal diffusivity  

θ  =  Non-dimensional temperature 

   =  Volumetric thermal expansion coefficient 

Ф  = Volumic fraction 

μ = Dynamical viscosity, N.s.m-2 

ν  =  Kinematic viscosity, m2.s-1  

    =  Density, kg.m-3 

Subscripts/ Exhibitors 

C  = cold 

H  =  hot 

f  = fluid (pure water) 

a  = average   

nf  = nanofluid 2 

np  = nanoparticl  
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