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Abstract
The three- dimensional numerical study of natural convection in
a cubical enclosure, filled with air was carried out in this study.
Two heating square sections are placed on the vertical wall of the
enclosure. The imposed heating temperatures vary sinusoidally
with time, in phase and in opposition of phase. The temperature
of the opposite vertical wall is maintained at a cold uniform
temperature and the other walls are adiabatic. The governing
equations are solved using Control volume method by SIMPLEC
algorithm. The sections dimension D/L and the Rayleigh number
Ra were fixed respectively at 0,2 and 106. The temperature
distribution, the flow pattern and the average heat transfer will be
examined for a given set of the governing parameters, namely the
amplitude of the variable temperatures a and their period τp. The
obtained results show significant changes in terms of heat
transfer and flow intensity, by proper choice of the heating mode
and the governing parameters.
Keywords: Three-dimensional modeling, Natural convection,
Two square heated sections, variable heating, periodic
temperature, dephasing.

1. Introduction
The study of natural convection induced in cavities
represents a great interest because of its direct application
in various fields of engineering. Examples involving the
natural convection phenomenon are building design, solar
collectors, electronic and computer equipments and other
applications which are referred to references [1-3]. In
thermal control of electronic systems, a careful attention is
necessary to ensure efficient design in order to optimize
the cooling of the system. A review of the literature shows
the existence of numerous numerical and analytical works
on the subject. However, in most of these works, the
studied configurations are two dimensional cavities,
submitted to constant heating conditions. Hence, the two

dimensional natural convection in a partially heated cavity
(temperature or heat flux), with one or more heating
portions, has been studied previously by many authors [48]. However, this state is not very representative of the
reality happens in most practical applications. Indeed, in
many situations, the energy supplied to the system varies
over time giving rise to patterns of transient or unsteady
natural convection. The solar energy collectors or
electronic circuits are examples of such systems. The
transient natural convection is then studied previously in
the case of a cavity with time variable heating (temperature
or heat flux) [9-15]. The previous results show that it is
impossible to predict the fluid behavior and the heat
transfer induced by variable heating conditions from the
results obtained with constant thermal boundary
conditions. In addition, it is noted that most of the
published works adopted a two dimensional model. Few
works have been reported on three-dimensional natural
convection in enclosures partially heated [16-20], in spite
of the fact that such approach reflects the phenomenon
reality and leads to important and varied results,
comparing to the two dimensional cases.
Note finally that all these available works on threedimensional natural convection induced in a cavity
partially heated, considered the case of constant heating
temperature.
Hence, the purpose of the present investigation is to study
numerically the case of laminar natural convection in a
cubical enclosure with two heating square sections placed
on its vertical wall. The imposed heating temperatures are
varied sinusoidally with time, either in phase or in
opposition of phase. The rest of the considered wall is
adiabatic while the temperature of the opposite vertical
wall is maintained at a cold uniform temperature and the
other walls are adiabatic. The fluid flow motion, the
temperature distribution and the average heat transfer will
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be examined for a given set of the governing parameters,
namely the amplitude of the variable temperatures a and
their period τp.

2. Problem formulation
A schematic of the physical problem and coordinates are
shown in figure 1. It consists of a cubical enclosure with
two square sections placed on its left vertical wall. The rest
of the wall is thermally insulated. The heating temperatures
θH1 and θH2 of the sections are varied sinusoidally with
time as shown in figure 2, in phase and in opposition of
phase. The opposite vertical wall is maintained at uniform
cold temperature θC, and the other walls are insulated.
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The governing equations for laminar steady convection,
using the Boussinesq approximation and neglecting the
viscous dissipation, are expressed in the following
dimensionless form
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The dimensionless variables used in these equations are
defined as:
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Fig. 1 Studied configuration and coordinates.
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In the above equations, the parameters Pr and Ra denote
the Prandtl number, and the Rayleigh number, respectively.
These parameters are defined as where
Pr 
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The hydrodynamic boundary conditions are such as the
velocity components are zero on the rigid walls of the
enclosure (U = V = W = 0). The dimensionless thermal
boundary conditions associated to the governing equations
are:
- Heating section 1 :
 H1 = 0.5 + a sin (
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- Heating section 2 :
 H2 = 0.5 + a sin (
Fig. 2 Imposed thermal excitations.
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in successive time steps (n and n+1) less than 10-5.

- Elsewhere on the left vertical wall:

0
n

(8c)

- Right vertical wall:
(8d)

- Other vertical and horizontal walls

0
n

(8e)

Where n is the normal direction to the considered wall and
a,  p and  P are respectively the amplitude of the heating
temperature, its period and the dephasing between the two
heating temperatures. The amplitude a and the period  p is
defined respectively, as:
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The average heat flux on the cold wall is calculated at each
time step by:
 1 1 
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The mean Nusselt number characterizing the heat transfer
through the right wall is evaluated as:
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(11)

represent the period of Nusselt temporal variations.

3. Numerical method
The Navier-Stokes and energy equations are discretized by
the finite volume method developed by Patankar [21]
adopting the power law scheme. To overcome the
difficulty associated with the determination of the pressure,
we suggest solving the equations of conservation of
momentum coupled with the continuity equation using the
SIMPLEC algorithm. For solving the algebraic system
obtained after discretization of partial differential
equations, the Alternating Direction Implicit scheme (ADI)
is used. Tridiagonal system obtained in each direction is
solved using the THOMAS algorithm. Convergence of the
numerical code is established at each time step according
to the following criterion, which fixes the relative
difference between the field variables  (= U, V, W,T,P),

in, j ,1k  in, j ,k


n
i , j ,k

 10 5

(12)

i, j and k are the grid positions.
The flow pattern obtained in the case of constant heating
was used as the as initial condition for the numerical
calculations conducted in the case of variable heating
temperature in order to favour the convergence of the
numerical code.
To check the effect of grid size, preliminary tests were
conducted for different combinations of the governing
parameters. Table 1 shows the values of time averaged
Nusselt number, Nuc obtained for different grid sizes in the
case D/L = 0.2, τp = 0.8, a = 0.8 and Ra = 106.
To obtain a fine mesh at the active walls (X = 0 and X =
1), the computational domain was discretized by adopting
a non-uniform mesh in the X direction and uniform in
directions Y and Z.
The grid size effect on Nusselt number calculated using
Eq.10 is presented in table 1 in the case of constant heating
temperatures. The results induced by the grid 414141
differs by less than 2% from those obtained with a refined
grid 717171. Hence, the non uniform staggered grid of
414141 nodes was estimated to be appropriate for the
present study since it permits a good compromise between
the computational cost (a significant reduction of the
execution time) and the accuracy of the obtained results.
Finally, the accuracy of the developed numerical code was
checked by comparing the present results, obtained for
constant heating temperature with those previously
published by Fusegi et al. [22] in the case of cubical
enclosure with a completely heated vertical wall and by
Frederick et al. [19] in the case of cubical enclosure with a
partially heated wall (s/L = 0.3). A comparison of the
averaged Nusselt number Nu, and maximum values
velocities U and V, in the mid-plane Z = 0.5 is given in
Table 2 for Ra = 106. The obtained results show excellent
agreement with the two references, with maximum
differences not exceeding 3.38% for Nu, 2.45% and 3.87%
respectively for Umax and Vmax comparing to Fuseigi's
results [22] and 2.38% for Nu, 2.045% and 3, 34%
respectively for Umax and Vmax comparing to Frederik
result's [19].
Table 1: Effect of the grid size on Nuc for D/L = 0.2, τp = 0.8, a = 0.8 and
Ra =106

Maillage
31x31x31
41x41x41
51x51x51
61x61x61
71x71x71

NuC
2.06668
2.17545
2.19938
2.20852
2.21896
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Table 2: Validation of the numerical code against published results in
terms of Nu, Umax and Vmax for Ra =106

Fusegi et al. [22]
Present work
Difference (%)
Frederic et al. [19]
Present work
Difference (%)

Nu
8.77
9.066
3.38
3.4857
3.5687
2.38

Umax
0.08416
0.08622
2.45
58.3830
58.5024
2.045

Vmax
0.2922
0.3035
3.87
151.693
152.1997
3, 34

4. Results and discussion
In this section, we present the effects of the period,
amplitude and heating mode on temporal evolutions of
maximum velocity in the mid-plane of the cavity (Umax)
and the heat loss through its cold wall (Nuc). The average
values are compared for different sets of the amplitude and
the period. We also present streamlines and isotherms
produced during a flow cycle for each type of heating
mode in order to illustrate the behavior of the fluid motion
and the heat exchange in the cavity due to the thermal
excitation. Due to the big number of governing parameters,
we choose to fix the Rayleigh number Ra and the heating
sections dimension to respective values of 106 and 0.2.
This choice, which characterizes adequately the fluid
motion and heat transfer phenomenon in the cavity, was
made after many numerical simulations conducted for
different Ra and different D/L. Hence, the results presented
in this paper are obtained for fixed Ra = 106, D/L = 0.2 and
Pr = 0.71 (air) and varied 0  a  1, 0  τP  1 and ρ = 0 or
π.
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respectively the temporal evolutions of Umax and Nuc
obtained in the case of the two imposed temperatures (θH1
and θH2) varying in opposition of phase for 0.1 ≤ τP ≤ 0.4.
These figures show that the obtained solutions are also
periodic. But, the resulting periods are equal to half of
those imposed on the exciting temperatures. We also note
the sinusoidal nature of oscillations is conserved in the
evolution of Nuc, but not for Umax. The maximum
amplitudes of oscillation of Umax undergo significant
decreases when τP is increased, while those of Nuc increase
with τP. These trends are similar to those encountered in
the case of the two imposed temperatures varying in phase
(figures 3a and 3b). However, compared to the constant
heating values (dashed lines), the resulting Nuc values
seems to be greater all the time, in the case of opposition
of phase variation. In addition, the velocity Umax shows a
double periodicity which is not observed in the previous
case (phase variation) and can denote a special flow
motion inside cavity as it can be seen in the following
paragraph.

4.1 Influence of the period
To illustrate the effect of the parameter τP, we present the
temporal evolution of Umax (calculated in the plane Z =
0.5) and Nuc for different modes of heating, a = 0.8 and Ra
= 106. Thus, figures 3a and 3b show respectively the
temporal evolutions of Umax and Nuc obtained in the case
of the two imposed temperatures (θH1 and θH2) varying in
phase for 0.1 ≤ τP ≤ 0.4. These figures show that all the
obtained solutions are periodic, with resulting periods
equal to those imposed on the exciting temperatures. We
also note that the sinusoidal nature of oscillations is
maintained in the Nuc evolution, but disappears in the case
of Umax when the period increases. The observed rate is
due to the fact that the imposed temperatures have low
values in a part of the cycle and gives rise to a special fluid
motion as seen in the streamlines presentation (figures 6a6b and 6g-6h). In addition, the oscillation amplitudes of
Umax undergo significant decreases when τP is increased,
while those of Nuc increased with τP. For the same
conditions as before, we examine the effect of the period in
the case of two imposed temperatures (θH1 and θH2) varying
in opposite of phase. Thus, Figures 4a and 4b show

(a)

(b)
Fig. 3 Effect of τP for a = 0.8 and Ra = 106 in the case of two
temperatures varying in phase: a) Umax and b) Nuc.
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different plans in the cavity, and show that the flow
consists of a single cell, turning clockwise and presenting a
symmetry relative to the center of the cavity (Z = 0.5) all
the time. The cell intensity varies during the cycle.
Initially, when the imposed temperatures take their lowest
values, the streamlines are straight and vertical while the
heat exchange is very weak through the cavity (Figure 6a).
Evolving in time, two small cells-rotating in opposite
directions-appear on the upper corner of the cavity (Figure
6b). The intensity of these cells increases (figure 6c) and
reaches a maximum value as it is seen in figure 6d. This
instant correspond to a maximum heating period as shown
in figure 5a. After that, a heating temperatures decrease
leads to a flow intensity and heat exchange diminution
(Figures 6f to 6h). Generally, we can note that the
isotherms and the streamlines present a symmetry relative
to the plan Z=0.5 during the entire cycle flow, when the
two heating temperatures are varied in phase.

(b)
Fig. 4 Effect of τP for a = 0.8 and Ra = 106 in the case of two
temperatures varying in opposition of phase: a)Umax and b)Nuc

(a)

4.2 Isotherms and streamlines
In order to study the details of the flow and heat transfer
within the cavity, isotherms and flow lines are produced
for each heating mode, during a flow cycle for Ra = 106,
D/L = 0.2, a = 0.8 and τP = 0.2. The corresponding instants
are chosen during a flow cycle of velocity Umax (figures 5a
and 5b). The heating temperatures evolution is also
presented in these figures to illustrate their direct effect on
the flow structure and the heat exchange.
Hence, figures 6a to 6h show isotherms (on the left) and
streamlines (on the right), corresponding to the instants (a)
to (h) in Figure 5a when the two imposed temperatures are
varying in phase. For more visibility of the fluid motion,
streamlines are presented at the mid-plane of the cavity (X
= 0.5). Further flow presentations were produced for

(b)
Fig. 5 Temporal variations of Umax for τP = 0.2 and a = 0.8, and
excitation temperatures: a) in phase, b) in opposition of phase.
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(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)
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Fig. 6 Isotherms and streamlines (at plan X = 0.5) over one cycle for Ra = 10 6,
a = 0.8 and τP = 0.2 in the case of two temperatures varying in phase.

Figures 7a-7h show the dynamic and thermal behaviors
obtained when the two imposed temperatures are varied in
opposition of phase. The corresponding instants are
checked out in figure 5b. It can be seen from this figure
that a single heating period leads to a double resulting
period of Umax. This behavior wasn’t encountered in the
case of two heating temperatures varying in phase and can
explain the absence of symmetry relative to the center of
the cavity (Z = 0.5), observed in the previous case.
Hence, the heating section becomes in turn the major
source of heating and leads to recirculation cells in the top
of the cavity. These cells are placed in the opposite upper
corner of the cavity, according to the dominant heater
section position (figures 7a-7h).

4.3 Mean values
In order to study the effect of the heating mode on mean
heat transfer, figures 8a and 8b illustrate the average
values of NuC versus the period τP for different amplitudes
a, when the imposed temperatures are respectively varied
in phase and in opposite of phase. The value corresponding
to the case of constant heating source temperature (a = 0)
are also presented in the same figures as references. It
should be noted that for all the considered values of a, the
presented function remain close to the permanent value in
the case of weak periods. This indicates an insensitivity of
the system with respect to the imposed thermal excitation.
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(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)
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Figure 7. Isotherms and streamlines at plan X = 0.5 over one cycle for Ra = 106,
a = 0.8 and τP = 0.2 in the case of two temperatures varying in opposition of phase.
In the case of the two temperatures varying in phase (figure
8a), NuC present peaks for the same value of the period of

When the two temperatures are varied in opposition of
phase (figure 8b), variations of NuC with τP are generally

resonance (τP = 0.1), which is not affected by the increase
of the amplitude. The improvement of heat transfer with
respect to the steady state value ( Nu C  2.0057 ) is found

similar to those observed in the previous case. However,
NuC present peaks for different values of the period which

to increase with a and reaches 2.06%, 6.7% and 13.8%
respectively for a = 0.4, 0.8 and 1. Above this threshold,
the increase of τP leads to a continuous weakening of the
heat transfer until reaching minimum values which is
higher than the steady value. It is to be mentioned that any
increase of the amplitude contributes to the enhancement
of the heat transfer through the cold wall of the cavity.

increases with the amplitude. Hence, the period of
resonance was found to be equal to 0.1, 0.2 and 0.4
respectively for a equal to 0.4, 0.8 and 1. The enhancement
of NuC with respect to the steady state value
( Nu C  2.0057 ) is then equal to 2.7%, 9.69% and 14.59%
respectively when a is equal to 0.4, 0.8 and 1. Hence, this
last mode present better heat transfer compared to the case
of the two heating temperatures varying in phase.
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motion compared to the case of the two temperatures
varying in phase.
- The resonant period, corresponding to the maximum
mean heat transfer, depend on the imposed heating mode:
In case the two temperatures varying in phase, it is
close to the value 0.1 and independent of the excitation
temperatures amplitudes, while it varies with the amplitude
in the case of the two temperatures varying in opposition
of phase.
Nomenclature
A = Dimensional amplitude of the heating
temperatures
a = Dimensionless amplitude of the heating
temperatures , Eq. (9)
D = Side of the square hot sector

(a)

𝑔 = Gravitational acceleration
L = cavity side
𝑁𝑢 = Average Nusselt number, Eq. (10)
𝑃𝑟 = Prandtl number, Eq. (7)
P = Non-dimensional pression
p = Pression N/m2
Ra = Rayleigh number, Eq. (7)
T = Température
tP = dimensional period
𝛥𝑇 = Overall temperature diference, (TH  TC )
u,v,w = dimensional velocities
U,V,W = dimensionless velocities, Eq. (6)
x, y, z = dimensional coordinates
X,Y,Z = dimensionless Cartesian coordinates, Eq. (6)

(b)
Fig. 8 Effect of τP for Ra =106 and various a: a) case of the two
temperatures varying in phase b) case of the two temperatures varying in
opposite phase.

4. Conclusion
The numerical study of natural convection in a cubical
enclosure with two heating square sections submitted to
periodic temperatures has identified the following
conclusions:
- The average heat transfer through the cold wall of the
cavity in the case of two variable temperatures is greater
than its permanent value, if we except the case of short
periods and small amplitudes;
- Varying the two temperatures in opposition of phase
gives rise to a better heat transfer and an important fluid

Greek symbols
𝛼 = thermal diffusivity
θ = non-dimensional temperature, Eq. (6)
𝛽 = volumetric thermal expansion
coefficient
 = non-dimensional time, Eq. (6)

 P = non-dimensional period, Eq. (9)
𝜐 = kinematic viscosity
𝜌 = density
 P = dephasing, Eq. (8b)
Subscripts:
C =
H =
Nu =
H1 =
H2 =
r =
Superscripts
— =

cold
hot
Nusselt number
heating section 1
heating section 2
Resonance

Time averaged quantity
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