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Abstract

The goal of this paper is to analyze a two unit parallel system
subject to  random shocks. For this purpose, a reliability model
is developed in which two identical units work in parallel. The
operative unit is subjected to random shocks with some
probabilities. The unit fails completely through normal mode.
The maintenance and repair of the unit are conducted by a server
who visits the system immediately. The shocked unit undergoes
for maintenance whereas repair of the unit is done at its failure
due to the reasons other than shocks. Priority is given to repair
over maintenance. All random variables are statistically
independent. The shock and failure times of the unit are
exponentially distributed where as the distributions of
maintenance and repair times are taken as arbitrary. Using
regenerative point technique and semi- Markov process, several
measures of system effectiveness are obtained in steady state.
The graphical behavior of MTSF, availability and profit function
has been analyzed for particular values of various parameters and
costs.

Keywords: Parallel System, Random Shocks, Maintenance,
Repair and Priority.

1. Introduction

The method of redundancy has widely been
adopted by the researchers including Murari and Goyal
(1984) and Singh (1989) while analyzing systems of two or
more units not only to attain better reliability but also to
reduce the down time of the system. But sometimes cold
standby redundancy is not suggestive when shocks occur
during operation of the system. In such a situation, the
units in the system may be may be operated in parallel
mode to share the impact of shocks. It is a known fact that
cold standby redundancy is better than parallel redundancy
so far as reliability is concerned. But, no research paper
has been written by the researchers on these types of
systems so far in the subject of reliability. However, a little
work has been carried out by the authors including Murari
and Al-Ali [1988] and Wu and Wu [2011] on the
reliability modeling of shock models with the concept of
maintenance and repairs. Shocks are the external
environmental conditions which cause perturbation to the
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system, leading to its deterioration and consequent failure.
The shocks may be caused by external factors such as
fluctuation of unstable electric power, power failure,
change in climate conditions, change of operator, etc. or
due to internal factors such as stress and strain. Many
systems like power generation and automotive industries
are vulnerable to damage caused by shock attacking that
may occur over the service life. Sometimes, a system may
or may not be affected by the impact of shocks and the
system may fail due to operation and / or due to random
shocks.

Keeping in view the practical applications in mind, here a
reliability model is developed in which two identical units
work in parallel. The operative unit is subjected to random
shocks with some probabilities. The unit fails completely
through normal mode. The maintenance and repair of the
unit are conducted by a server who visits the system
immediately. The shocked unit undergoes for maintenance
whereas repair of the unit is done at its failure due to the
reasons other than shocks. Priority is given to repair over
maintenance. The shock and failure times of the unit are
exponentially distributed where as the distributions of
maintenance and repair times are taken as arbitrary.
Several reliability characteristics such as transition
probabilities, mean sojourn times, mean time to system
failure (MTSF), availability, busy period of the server due
to repair and maintenance, expected number of
maintenance and repair and profit function are evaluated in
steady state using semi-Markov process and regenerative
point technique. The graphical behavior of MTSF,
availability and profit has been observed with respect to
shock rate for fixed values of other parameters.

2. Notations

E . Set of regenerative states.

0] : The unit is operative and in normal mode.
Po . The probability that shock is effective.

Jo . The probability that shock is not effective.
ol . Constant rate of the occurrence of a shock.
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A : Constant fallurg rate of thg unit. _ ) 2q§u ) 4 Dot
m(t)/M(t) :  pdf/ cdf of maintenance time of the unit after Poo= 5 , Por= 5 ,
the effect of a shock. 2001+ 24+4pyu 20,1+ 24 +4pyu
FUr/FWr /FUR : The Unit is completely failed and under 21
repair / waiting for repair/ under Pos= - ) Pss= *(0) ,
continuous repair from previous state 20,1+ 24 +4pyu
SUmM/SUM :  Shocked unit under maintenance and under « Qo 4
maintenance continuously from previous state Pp =M (ﬂb + ,U) Pu= [1— m*(l + ,U)] :
SWm . Shocked unit waiting for maintenance A+p
g (t)/G () : pdf/cdfof repair time of the completely Po1 = m*(O) . pa= O *(0) . pe= O *(0)

failed unit
q;i(t) / Qy(t) : pdf and cdf of direct transition time from a
regenerative state i to a regenerative state j
without visiting any other regenerative state
pdf and cdf of first passage time from a
regenerative state i to a regenerative state j
or to a failed state j visiting state k once in
(0,1].
Probability that the system is up initially
in state S; = E is up at time t without
visiting to any other regenerative state.
Probability that the server is busy in state
S; up to time t without making transition to
any other regenerative state or returning to
the same via one or more non regenerative
states.
m;; . Contribution to mean sojourn time in state
S; when system transits directly to state S;

(Si,S; EE) so that ui:EJ.- m; Where my =
J £dQy(® = - 9;"(0)

and ; is the mean sojourn time in state
SEE

diik(t) / Qijk(t):

Mi(t)

Wi(t)

(s)/© : Symbol for Stieltjes convolution / Laplace
convolution.

~/* . Symbol for Laplace Stieltjes Transform (LST) /

Laplace Transform (LT).

The following are the possible transition states of the

system

So= (0, 0), S; = (SUm, 0), S, = (SUM, SWm),

S3=(0,FUr), S, =(FUR, SWm),Ss=(FUR,FWTI),

Se=(SUM,FWT),

The transition states Sy, S; Sz, are regenerative and states

S, S4,Ss, Sgare non regenerative as shown in figure 1.

3. Transition Probabilities and Mean Sojourn
Times

Simple probabilistic considerations yield the following
expressions for the non-zero elements

Pi = Qij (0) = J::O 0 (t)dt as

P = ﬁ—’t;[l_ m*(/1+,u):|

pm=lfﬂ[l—m*ﬂi+ﬂilpw=gYﬂ+ﬂ)
s =fi—‘;[1—g*(z+u)],
gizzﬂﬁﬁL[L—m*(z+;0]

Dare= Api/; [1-m*(A+u)]

P34= lpj_ll; I:l_ g*(}b + /u)] ,

A .
P33s=Pss= — [1_ g4+ ﬂ)} 1)
A+u

It can be easily verified that

PootPor tPo3= P1otP11+P12 +P16+P11.2=P21= P30otP33tPzs +Pss
= PzotPsztPsss tP314 =  P31=Par=Paz=Ps3 =Ps1 =Pe3 = P1o
+P11.3 P14 = PootP2retPazs =1 2
The mean sojourn times (;) in the state S; for m(t) =

Ge " andgt)y= ye " arefollows

1 1
a 202+ 20+ 4pu’ ul_/1+,u+¢9'
1
MS_—/1+,L1+}/7
1 1 1 A+ pPuto
SO )
1_ Aty
BT uy) @

4. Reliability and Mean Time To System Failure
(MTSF)

Let ¢;(t) be the cdf of first passage time from the

regenerative state i to a failed state. Regarding the failed
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state as absorbing state, we have the following recursive
relations for ¢; (t):

a(1= 30,096,020,

(4)
where j is an un-failed regenerative state to which the
given regenerative state i can transit and k is a failed state
to which the state i can transit directly. Taking LST of

above relation (4) and solving for ¢0 (S) .We have

R¥(s) = 1—;ﬁo(s)

()
The reliability of the system model can be obtained by
taking Laplace inverse transform of (5).
The mean time to system failure (MTSF) is given by

, 1—%~ S N,
MTSF:“m—() =D, Where
s—® S 1
(6)
N1 = po (1-p11) (1-p33) + paPor(1-Pss) + HsPos(1-p11) and
D: = (1-poo)(1-P11)(1-P33)-Por  P1o(1-P33)-Pos  Pao(1-P11)
()
5. Steady State Availability
Let Ai(t) be the probability that the system is in up-state at
instant 't' given that the system entered regenerative state i
att =0. The recursive relations for A; (t) are given as

A(t)=M, (t)+%q”i‘j (t)©A (1)
(8)

where j is any successive regenerative state to which the
regenerative state i can transit through n transitions. M;(t)
is the probability that the system is up initially in state

S; ek up at time t without visiting to any other
regenerative state, we have
Mo (t) = e~ 0t M, (1) =e P\t |
M3 (t) = e~ G(1)
Taking LT of above relations (8) and solving for A (S),
the steady state availability is given by
- * N
A () = limsA;(s) =—2
s—0 D2
where

Nz = [(1-P11.2-P11-P1s Pe1 )(1- Pss= Psas)] Mo - [(-Por)(1-Pss-
P33.5)-PosParal 44 + [Pos(1-P11.2-P11-P1s Per)] 4L

and

Dz = [(1-P11.2-P11-P1s Pe1 )(1- Pss- Psas)] Mo - [(-Por)(1-Pss-
P33.5)-PosPar.4 ] ( ,U1' +P16 Mg )+ [Pos(1-P11.2-P11-P16 Per)] :U::,
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6. Busy Period Analysis of The Server
6.1 Due to repair

Let B®(t)be the probability that the server is busy in

repair of the system (unit) at an instant‘t’ given that the
system entered state i at t = 0. The recursive relations for

BR(t) are as follows:
BR (1) =W; (1) + = a7} (t)©B (1) (10)
J

Where j is any successive regenerative state to which the
regenerative state i can transit through n transitions. Wij(t)
be the probability that the server is busy in state S; due to
repair up to time t without making any transition to any
other regenerative state or returning to the same via one or
more non-regenerative states and so

e TING(t) + (e e1)G(t) +
Ws(t)= (poue”“H'e1)G(t)
+(qoe” M ODG(t)
We(t)= G(t)
Now taking L.T. of relations (10) and obtain the

value of BR; (s)and by using this, the time for which server
is busy in steady state is given by

BRO = |SI_I’)T(')I BR; (S) = N3/D2y

where

N3 = [Poa(1-P112-P11- P16 Pe1)] W; (8)*+ [(-Por)(1-paa-Psas)-
PosPs1.4 ]We p1s and D, is already defined.

6.2 Due to Maintenance

Let B (t) be the probability that the server is busy in
maintenance of the system (unit) at an instant‘t’ given that
the system entered state i at t = 0. The recursive relations

for BM (t) are as follows:
BM (1) =W, (1)+ >0} (t)oB} (1) (11)
J

Where j is any successive regenerative state to which the
regenerative state i can transit through n transitions. W;(t)
be the probability that the server is busy in state S; due to
maintenance up to time t without making any transition to
any other regenerative state or returning to the same via
one or more non-regenerative states and so

e M (t) + (Le PO M (t) +
Wi(t)= (pore” ' OM (t) +
(Qore” " @M (1)
Now taking L.T. of relations (11) and obtain the value of

BMy (s)and by using this, the time for which server is busy
in steady state is given by
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B, = lim sBM, (s) =N./D,
Where
Ny = - [(-Por)(1-P3s-P335)-PoaPara 1 W, (5) and D, is already
defined.
7. Expected Number of Maintenance
Let NM(t) be the expected number of maintenances

conducted by the server in (0, t] given that the system
entered the regenerative state i at t = 0. The recursive

relations for N, (t) are given as

N (O =ze Oelo N (] @)

where j is any regenerative state to which the given
regenerative state i transits and oj =1, if j is the
regenerative state where the server does job afresh,
otherwise dj = 0.

Taking LST of relations (12) and solving for Iiop(s). The
expected numbers of maintenances per unit time are given

by
M (o L _ N
N, (w)—LILElSNO (s) = D,

where D, is already mentioned.

N ;= -(Po+P112) [(-Por)(1-Pss-Psss)-PosPsra ] and D, i
already defined.
8. Expected Number of Repairs

Let NF(t) be the expected number of repairs by the

server in (0, t] given that the system entered the
regenerative state i at t = 0. The recursive relations for

N."(t) are given as
N =xQf @[ +NfH] @3
J

Where j is any regenerative state to which the given
regenerative state i transits and oJj =1, if j is the
regenerative state where the server does job afresh,
otherwise dj = 0.

Taking LST of relations (13) and solving for Iig(s) The
expected numbers of repairs per unit time are given by
. NF (s
NR, = I|m—°( )
s—0 S
where

= N6/D2
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Ne =(Ps0+Pa1.4+P335)[Poa(1l- P11 P112)-PisPer] and Dy is
already defined.

9. Profit Analysis
The profit incurred to the system model in steady state can
be obtained as

_ KoA — KBy —K;Bg — KNy

_K4N§ - Ks
where
Ko = Revenue per unit up-time of the system
K, = Cost per unit time for which server is busy due to
maintenance
K, = Cost per unit time for which server is busy due to
repair
K3 = Maintenance cost per unit (12)
K4 = Repair cost per unit
Ks = fixed cost of the

A, By B, N, N are already defined.

10. Conclusion
In this paper, a shock model of a parallel system
with repair and maintenance has been analyzed for a

particular case g(t) =~€ " . m(t) =g
giving priority to repair of the failed unit over maintenance
of the shocked unit. Some important reliability measures
are obtained giving particuﬁéﬁvalues to various parameters
and costs. Graphs are dr to depict the behavior of
MTSF, availability and profit with respect to shock rate ()
as shown respectively in figures 2, 3 and 4. From figure 2,
it is observed that MTSF declines rapidly with the increase
of shock rate (u) while it decreases with the increase of
failure rate (A). But, if we increase repair and maintenance
rates, the value of MTSF becomes more. It is interesting to
note that MTSF increases rapidly if values of pg and g are
interchanged, i.e. po=.4 and go=.6. Figure 3 and 4 highlight
that availability and profit go on decreasing with the
increase of shock rate (u) and failure rate (A). However,
their values become more with the increase of mainter@g e
and repair rates as well as by interchanging the values 5)
and do.
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Fig. 1: State Transition Diagram
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MTSF Vs. Shock Rate(p)
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Fig. 2: MTSF Vs. Shock Rate
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Fig. 3: Availability Vs. Shock Rate
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Fig. 4: Profit Vs. Shock Rate
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