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Abstract
There are various ways of estimating an unknown value between
intervals, one of which is to apply the interpolation method. In
this study, the interpolation method is implemented to find the
value of new points in making the curve and B-Spline surface
from several the control points that are known. In making the
curve, interpolation is used in conjunction with the Bernstein
polynomial basis in finding the value of basis with one parameter
(u), which then produce a polynomial function y = f(u) of 3
degree. This function is then used to search for new dots around
4 pieces of control points is given. While on the surface creation,
interpolation is used in conjunction with Cox de Boor algorithm
to find the value of basis with two parameters (u, v) and the knot
vectors between 0 and 1, which was also subsequently produced
a polynomial function y = f(u, v) of 3 degree. This function is
then used to get the knot points between segments are formed by
16 pieces of control points is given. Overall the result of this
study, both the curve and B-Spline surface, the interpolation
method worked quite well in generating the new points, due to
the curvature of curve and B-Spline surface are formed very
smooth.
Keywords: Bernstein Polynomial, Cox de Boor, B-Spline, Knot
Vector, Interpolation.

Detail point of the curve and B-Spline surface is dependent
of the number of interpolation is done. The more of detail
(level of detail) or the number of curve and surface knots is
desired, then the interpolation is needed more and more
also.

2. B-Spline Interpolation
The curve is a picture generated by interpolation from
granting control points to a certain amount which is
generally in the form of a curvy line. Curves and surfaces
are formed depends on several factors, namely the method
of interpolation, the degree or amount of initial control
points and basis functions are used.
Interpolation is a technique in finding the value estimate
contained in a certain interval. Interpolation on the curve
will result in new control points, which in this case is
called the knots.

1. Introduction
The interpolation is a technique commonly used to find a
value that is at a certain interval [6]. In its quest, can use a
variety of methods that will produce a polynomial function
y = f(x). The function is then used to generate the values
that we want to know [5].
In this study, the interpolation method is used to form a
curve (univariate) and B-Spline surface (bivariate) of
known n- control points. In the curve formation, the
starting point used by 4 control points (P0, P1, P2, P3). As
for the surface, which is used as a starting point 4x4
control points (P0 – P15). These points are then
interpolated with B-Spline Basis to produce a new control
point (the knot) that will form the curve and B-Spline
surface continuously. B-Spline Basis is used to follow Cox
de Boor algorithm which evaluation starts from 4 control
points and then generalizations every one of control point.

Fig. 1 The Formation of 3 Knots from 4 Control Points are known

In figure 1, the control points are used to produce a line
called Convex Hull. The line is an area of the curve or
surface to be formed when the interpolation is done, so the
shape of the curve or surface will depend on the initial
control points are given.

2.1 B-Spline Curve
In 1959, Paul de Faget de Casteljau introduced de
Casteljau algorithm as a way to calculate and recursive the
polynomial function of Bezier or Bernstein curve. And BSpline curve is an extension of the Bezier curve.
The de Casteljau algorithm [12] :
(1)
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where :
Pi,j = coefficient of Bernstein polynomial
u = knots or control points
The algorithm is then called de Boor algorithm
B-Spline curve is a curve generated from the four of
control points and form a short curve. This curve looks like
floating and not touch the starting point (P0) and the end
control point (P3).
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From table 1 it can be seen that the B-Spline curve consists
of segments, and points in between these segments are
called knots.
There are several important elements in a formation of the
curve and B-Spline surface, namely [1] :
• Degree
The degree regulate how close the curve through the
control points of B-Spline curve. The smaller the
value of the degree, the closer the curve passes
through the constituent of control points, and vice
versa.

Fig. 2 B-Spline Curve with 4 Control Points

B-Spline curve is more flexible than the previous curve
(Bezier). This is because the B-Spline curves are
generalizing many control points at each one control point
and not just limited to 4 control points only [8].

Fig. 4 B-Spline Curve with a different Degree (p)

•

In figure 4 can be seen, with increasing the value of
degree, the shape of the curve will be smoother.
Basis or Blending Function

•

Blending function is a function that determines how
large the curvature of the B-Spline curve is influenced
by the value of degree, knot vectors and control points.
Knot Vector [11]

The formation of B-Spline curves can be described as
follows :

Fig. 3 The process of B-Spline Curves Formation from 4 Control Points

And generalization control points of B-Spline curve can be
seen in the following table :
Table 1: Control Points Generalization

Segment

Control Point

3

P0, P1, P2, P3

4

P1, P2, P3, P4

5

P2, P3, P4, P5

6

P3, P4, P5, P6

…etc

….etc

Knot vector is an interval value that is used when the
curve interpolation occurs. These knot vectors (w) in
the cubic B-Spline curve defined by :
w=n+4
(2)
and generalizations [11] :
w=n+m+1
(3)
where :
n = amount of control points
m = degree
If the B-Spline curve through the start and the end
control point, the knot vectors :
u0 = u1 = .... = um = 0
(4)
um+1, ..... , uw-m-1, uw-m = uw-m+1 = .... = uw = 1
(5)
more precisely :
The first m+1 is 0, and the last value of m+2 is 1. As
for the n-m knots which is also called internal knots
can be found by [2][9] :
• Using the calculation :
u0 = u1 = .... = um = 0
ui + m = j / (n-m+1) ; for j = 1, 2, .... n-m
uw - m = uw – m + 1 = .... = uw = 1
so, the knot vectors are formed [9] :

Copyright (c) 2013 International Journal of Computer Science Issues. All Rights Reserved.

(6)
(7)
(8)

IJCSI International Journal of Computer Science Issues, Vol. 10, Issue 2, No 2, March 2013
ISSN (Print): 1694-0814 | ISSN (Online): 1694-0784
www.IJCSI.org

•

{0, 0, 0, 0, u4, u5 1, 1, 1, 1}
(9)
Find the average value of the existing control
points :
u0 = u1 = .... = um = 0

uw - m = uw – m + 1 = .... = uw = 1

Bi, 1(t) = 1.0 if ti ≤ t ≤ ti+1, others 0.0
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(16)
(17)

(10)
(18)
(11)
(12)

with the first knot internal is an average value of
m parameters, namely u1, u2, …um. The second
knot internal is the average value of the next m
parameter, namely u2, u3, .. um+1.
So, if there is a m degree with m+1 control points (P), it
can be formulated for the Bernstein polynomial function
[4] :
(13)
where :
W = a new control point
Pi = i- th control point (i = 0.....n)
Bi,m = i- th Bernstein polynomial basis, m degree
u = the knot
m = degree
n = amount of control points
The Basis of Bernstein polynomial in this case can be
found by the formula [10][13] :

where :
t = the knot
Bi,n = i- th Basis control point, n degree
These basis function are then used to search for Bernstein
polynomials by the formula [4][9] :

(19)
where :
u,v = the knots
n, m = control points
Pi,j = i,j- th control points (i=0...n ; j=0....m)
B = basis
d = degree
T = a new knot point
From the formula it can be concluded that for the B-Spline
surface will form a parametric equation with two
dependent variable (u and v), which in this case is called
bivariate. As for the B-Spline curve, its parametric
equations there is only one dependent variable (u) or
univariate.

(14)

3. Continuous Univariate and Bivariate

(15)

Variable is a symbol or a concept that is assumed as a set
of values [7]. Two or more variables can be functionally
related.

2.2 B-Spline Surface
A B-Spline surface is defined as the tensor product of two
B-Spline curves along x and y directions [9]. As with the
curves, B-Spline surface also has a degree, basis functions,
knot vector as an important element in the formation. But
there is a difference in the basis functions [8].

In the functional relationship, there are two types of
variables :
• Independent Variable

•

Independent variable is a stimulus variable or
variables that affect the value of other variables.
Dependent Variable
Dependent variable is a variable to react /respond if
the independent variable associated with.

Fig. 5 Control Points of B-Spline Surface Interpolation (left) and BSpline Surface (right)

Basis functions on the B-Spline surface is a development
of the previous algorithm (de Boor), ie Cox de Boor
algorithm [3][10].

Functional relationship or function has a number of
possibilities such as univariate, bivariate, trivariate,
multivariate, linier and non linier.
• Univariate Function
Is generally expressed in the form :
y = f(x)
or
y = g(x)
for example : y = 2x + 1
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•

where, x is the independent variable and y is the
dependent variable.
For a linier univariate function, the coordinate system
in the form will be a straight graph. Example : y = 2x
+ 1. While the function of non-linier univariate,
function graph that form does not show a straight line.
For example : y = 2x2 + 1
Bivariate, Trivariate, Multivariate Function
Bivariate function has two independent variables.
Trivariate function have three independent variables,
and multivariate function has many variables.
Example :
z = 2x + 3y – 6
(bivariate)
z = 5w – 3x – 2y + 1
(trivariate)
Just as univariate, in bivariate, trivariate and
multivariate function also linier or non linier.

4. Analysis and Design
This section outlines the analysis and design of the
implementation of univariate and bivariate B-Spline
interpolation method in continuous in the form of B-spline
basis algorithm, Cox de Boor, flowcharts, and an
explanation of calculations.

degree = 3
xyz_axis = 3
While i = 0 < (degree + 1), Do {
While j = 0 < xyz_axis, Do {
While k = 0 < total_knot, Do {
W[i][j] = W[i][j] + (B[i][k] * P[k][j])
k= k + 1
}
j=j+1
}
i=i+1
}

•

From this step will get new points (knots) which is the
stored in a matrix of size 4x3.
The matrix that containing the new points will then be
called by the OpenGL function that will automatically
establish a curved line in the area around the control
points that have been included.

Flowchart of the formation stages of B-Spline curve
interpolation is described as follows :

4.1 B-Spline Curve
In this study, the interpolation of B-Spline curve were
constructed has 3 degree or cubic B-Spline, where its
formation stages as follows :
• Determining the xyz coordinates in 4 control points
(P0, P1, P2, P3)
•

Determining the value of B-Spline basis with
Bernstein polynomial basis algorithm (equation 15) as
follows :
degree = 3
knot = 0.4
control_point = degree + 1
While i = 0 < control_point, do {
While m = 0 < control_point, Do {
B[i][m] = (m! / (i! * (m-i)! )* (knot^i) *
((1-knot)^(m-i))
m=m+1
}
i=i+1
}

•

The basis obtained will be 4x4 matrix
Processing the basis value that have known to control
points using the Bernstein polynomial algorithm
(equation 13) as follows :
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Fig. 6 Flowchart of B-Spline Curve Interpolation
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4.2 B-Spline Surface

•

Unlike the B-Spline curve, on the B-Spline surface, the
knots used as a point that appears on the segment between
control points.
The knot in this study consists of u and v knot value
between 0.0 and 1.0, where the intervals are stored in knots
vector. If the knot value obtained exceeds the value of knot
vector, the knots will appreciating 0.
The algorithm used in the manufacture of B-Spline basis
on the B-Spline surface is the Cox de Boor algorithm. The
stages of formation is as follows :
• Determine xyz coordinates at 16 control points (P0 to
P15).
•

Determine the value of knot vector (equation 2 and 3).

•

Determine u and v knot of knot vectors that have been
obtained.

•

Determine the initial LOD (Level of Detail) or number
of knot.

•

Finding the value of B-Spline basis using Cox de Boor
algorithm (equation 16, 17, 18). The algorithm is the
following :
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Running Bernstein polynomial algorithm (equation
19) to produce knot points. The algorithm is as
follows :
While m = 0 < total_knot, Do {
Calculate the u knot value
While n = 0 < total_knot, Do {
Calculate the v knot value
While i = 0 < degree, Do {
While j = 0 < degree, Do {
Cox de Boor algorithm to knot_u
The end control point = The first control
point * basis_value
j=j+1
}
i=i+1
}
While i = 0 < degree, Do {
Cox de Boor algorithm to knot_v
The end control point = The first control
point * basis_value
i=i+1
}
Draw B-Spline surface
n=n+1
}
m=m+1
}
Flowchart of the formation of B-Spline surface
interpolation can be described as follows :

k =degree + 1
While a = 0 < degree, Do {
If k == 1, Then {
If knot_vector[a] <=knot and knot <
knot_vector[a+1], Then {
basis_value = 1.0
}
basis_value = 0.0
}
Den1 = knot_vector[a+k-1] – knot_vector[a]
Den2 = knot_vector[a+k] – knot_vector[a+1]
Den 1 = 0
Den2 = 0
If Den1 > 0, Then {
Eq1 = ((knot – knot_vector[a]) / Den1) *
CoxDeBoor[knot, a, k–1, knot_vector]
}
If Den2 > 0, Then {
Eq2 = ((knot_vector[a+k] – knot) / Den2) *
CoxDeBoor[knot, a+1, k-1, knot_vector]
}
basis_value = Eq1 + Eq2
}
Fig. 7 Flowchart of The B-Spline Surface Interpolation
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Number of control points are added will also
transform the B-Spline curve is formed. Generalizing
the number of control points can be seen in figure 10
below :

5. Implementation
Implementation of this research uses merging Visual C++
and OpenGL programming language, which the OpenGL is
used to support graphic display of curves and surfaces
resulting from the algorithm calculation in Visual C++.
The result of B-Spline interpolation implementation can be
seen in the following pictures :
• The display of B-Spline curve

Fig. 10 Univariate Cubic B-Spline Curve with many Control Point

•

The display of B-Spline surface

In this study, beside the curve also formed the Cubic BSpline Surface. This surface on the program will be
displayed in the form of control point patch with the details
influenced many LOD entered.
Fig. 8 Univariate Cubic B-Spline Curve with 4 Control Points

Fig. 9 The Command Prompt that Provides Control Point
Coordinates (P0, P1, P2, P3) and Knot Point Matrix

The P control points in the program (figure 8) will be
inputted manually (x, y, z = 0) so that it will be form a
matrix which will then be multiplied by the B-Spline
basis and produce the W end control points as shown
in figure 9.
In figure 8, the curve arch formed very smooth and
past the control points. This is because the use of 3
degree on the B-Spline interpolation and the effects of
the curve itself.

Fig. 11 Bivariate Cubic B-Spline Surface with 20 LOD

Fig. 12 Command Prompt of LOD Number Addition

In figure 11 it can be seen that from 16 control points (P0
to P15), namely {10,5,10}, {5,5,10}, {-5,5,10}, {-
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10,5,10}, {10,12,5}, {5,18,5}, {-5,18,5}, {-10,12,5},
{10,0,-5}, {5,0,-5}, {-5,0,-5}, {-10,0,-5}, {10,8,-10},
{5,14,-10}, {-5,14,-10}, {-10,8,-10}, the knot vector value
between 0.0 to 1.0 knots and LOD as much as 20 internal
knots will form a B-Spline surface with a knot point total
of 2933 points. This surface curvature depends on the
amount of basis value which resulting from the Cox de
Boor algorithm and many degrees are used.

Fig. 13 Bivariate Cubic B-Spline Surface with 110 LOD

6. Conclusions
Based on the results that have been achieved in the
implementation of this study, it can be concluded :
1. B-Spline interpolation method with a number of 3
degree is able to construct a curve and a surface with
a smooth arch.
2. B-Spline technique is flexible due to changes in the
specific control point only affects the curvature of the
segment near the control point.
3. The more the number of knot (LOD) are used, the
details of the B-Spline surface is formed and the more
severe computational burden.
4. The interpolation method proved capable of
estimating the value of curve or surface coordinate
(knot) which is not known from a few control points
are known
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