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Abstract

Based on the analysis of the two kinds of algorithms in solving
large-scale tridiagonal linear equations, which are linear
interpolation method and the method of double parameters, it is
shown that the principle of the linear interpolation method and
double parameter method is consistent and it points out that in
this principle, the solutions to certain types of tridiagonal
equations in the two methods are not stable. But in the case of
not so sick, their relative errors of solution are very small, and

the situation is very stable.
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1. Introduction

There are many applications of tridiagonal equations
whose general forms are shown as follows:

A=f €]

Among which:

A=[a b,cl,=| . @)
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f=(f, ) ,ac =0(i=12--,n-1) When A

is a singular matrix[1], it has a unique solution to
equations A, = f .

For such equations, of course, we can use the Gaussian
elimination method [2]. But when matrix dimension is
very big, the calculation amount by the method of
Gaussian elimination will be too large [3]. For its special
structure, we can construct some special solutions so as
to reduce the amount of calculation. There are a variety
of special solutions to tridiagonal equations [4]. This
paper mainly introduced two kinds of algorithms and
compared in detail the calculation of the two algorithms.
Based on the principle of the two methods, it pointed out
the similarity between these two algorithms and the
instability in the solutions to certain kind of equations.

2. Linear Interpolation Method

Linear interpolation process is described as follows:

is AJ=".

f’is made up of the former n-1 elementof f'.

The former n-1 of equations of A, = f

The latter n—1column vector of A ,is A, among

which A is a lower matrix  of

¢(@=1...,n-1).

triangular

Forc, #0(i=12,---,n-1), Ais a non-singular matrix.

As long as x, is given, we can getX=(X,,---,x,)" by
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solving A%, among which f=(f -bx, f,-ax, f,f) .

Thus we can get X =(x,,X, ---,X,)", which is a set of

solutions to A ,x=f . Then two sets of different

solutions are get by taking two differentx,, and the
solution of equation A = f is obtained through the
linear combination of the two sets of solutions [5].

Assuming x© =0, by the solution of AX® =f  we
can get xOx=(x?, %9, x )" which satisfies

A x?=f" . And similarly assuming x® =1,

xW = (@, x2®,-,x D) is  get which satisfies

Ax? = 1'[6].

For vheC ,C is complex number field ,

A [ X +h(x® —x®@)]=f".As long as h is selected

to make x=x@+h(x® —x@) satisfy the n™ equation

of Ax= f , the solution of Ax=f is obtained and it is

easily to get

(0) (0)
_ fn — & X~ bn X
1 0 1) 0 )
an—l(xr(|—)1 - Xr(1—)1) + bn (Xr(1 ) Xrg ))

3. Double Parameter Method

Double parameter method is slightly different for that
X, is used as the parameter to determine the relationship

between the other variables and x, , then take a
substitution equations A = f to determine x,, thus a
solution to A =f is obtained [7]. The process is
described as follows:

% (Shown as x, )is calculated by Ax = f :

X, =(f1_b1X1)/Cl
X :(fz _a1x1_bzxz)lcz 3)

X, = ( fn—lan—zxn—z _bn—lxn—l) / Coa

Take substitutions in a sequence series to change them
into a form of containing only constant term and x, .

Assumings, =0,t, =1, thenx, =, +t,X,, SO we can get
X =S +tx(1=23..,n) 4

Among which s, t(i=2,..,n) is undetermined
parameters. Comparing X, =s; +tx (i=2,3,...,n) and

X, :(fl_b1X1)/Cl
X3 = (fz _a1xl_bzxz)lcz )

X, = (fn—lan—z X — bn—lxn—l) / Coa

We can get recurrence relations of parameter group :

s, t,i=1..,n

s, =0,8,="1/¢

s, =(f,-b,s,—a.,s,)/c, (i=34..,n)
t=1t, = _b1/C1

t=—(b b+t ,) /¢ (i=34,..m

According to the n equation of the equation
group A = f , the way of expression of x, can be

obtained:

f,— A48, 41— bnSn

n
= 6
X1 an—ltn—l + bntn ( )

Inserting X, =s, +t,x (i =2,3,...,n) , we can get a solution

toA =1f.

4. The relationship between Linear
interpolation method and the method of
double parameters

Through the comparison of the two methods, we can find
the internal relationship among the parameters [8]. From
the expression x, =s, +tx (i=2,3,...,n), assuming X,
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is 0 and 1 respectively, we can get

X© =(s,,8,,..,8,)"
x® = (s, +t,8, +t,,...,8, +t.) ’

in which x@ x® are shown in linear interpolation
method and is shown in double parameter method. The
relationship between the two methods is described as
below [9]:

Double Parameter Method

Linear Interpolation

x© —— S

Take double parameters method for example to go into
its computational complexity. 3 n - 5 times multiplying
and dividing is needed to calculate s and t, while
n-1+5=n+4 times multiplying and dividing is needed to
calculate x, so in total 2 (3n-5) +n+4=7n-6 times
multiplying and dividing is needed. So its computational
complexity is: O (7 n).

The above two methods both require the solution to

Ax = f , so the stability of the two methods is closely

related to the condition number of A. If Ais a morbid
matrix, a lot of errors may appear by using these two
methods to get the numerical solution. These two kinds
of methods for tridiagonal equations can be used, but
there may be numerical instability for some problems.

5. Numerical Example

Example: A, isshown as below::
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31
131
A=l ©)
1 31
1 3)

Among them, n represents a matrix dimension [10].
The selection of the right end item f is like that, given a
n column vector y at random, then left multiply A to get
f-
The table below lists the relative error of various
methods.

The formula of Relative error is e=|y—x| /[y, -

among which x is the solution by various methods and y
is the exact solution of equations set.

Relative error of various methods is shown in table 1.

Table 1. Relative Error
n chasing | linear bipara | QR
interpol | meter | decomp
ation osition
16 | 1.9442 6.3124 7.6431 | 4.3368
E-16 E-11 E-11 E-16
32 | 2.6459 2.0342 3.7341 | 4.4902
E-16 E-04 E-05 E-16
64 | 9.4034 1.6614 | 2.1380 | 3.8538
E-17 E+10 E+09 E-16
12 | 2.0887 | 2.3835 | 1.5808 | 3.0555
8 E-16 E+36 E+35 E-16
25 | 22368 | * * 3.3981
6 E-16 E-16
51 | 2.2412 * * 3.4561
2 E-16 E-16
10 | 2.2935 * * 3.1418
24 | E-16 E-16

As seen from the table, although the conditions of A is

little (when n=1024,||A||, <5), the result got from the

linear interpolation method and biparameter method may
not be so good.
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The equations of the lower triangular AX = f should

also be required to be solved. Its coefficient matrix A
is n - 1 order matrix after getting rid of the first column
and the last line of matrix A. So the stability of the two
methods has something with the condition numbers of A.

In this example, when n=32,the condition numbers of
A are 6.1989E+13, and when n=64, they are up to as
high as 1.2721E+17. So it is obvious that it is a sick
equation, which leads to the instability of the linear
interpolation method. So when the two methods of the
linear interpolation method and biparameter method
are used, it is required to check if the condition numbers
of Aare small enough.

6. Conclusion

Through the contrast between the linear interpolation
method, biparameter method and chasing method, QR
decomposition method, it is apparent that as long as the
solution of the problem is not sick, the relative errors of
the solutions are very small and stable. In other cases,
the calculation speed and algorithm complexity of
double parameter method and the linear interpolation
method are small, so in actual application process the
two methods are very valuable.

7. References

[1]Duan Zhijian, Lv Quanyi, Ma Xinrong, "parallel alternating
direction algorithm of linear equations”, Computer
engineering and application, Vol.45, No. 20, 2009,
pp.54-56.

[2]Wu  Jianping,

Factorization Preconditioning of Block Tridiagonal Linear

Song Jungiang, "Parallel Incomplete
Systems with 2-D Domain Decomposition", Computational
physics, Vol.26, No.2, 2009, pp.191-199.

[3]Cheng Haiying, Xie Jiang,Shao Huagang, "Comparison
Between Two Parallel Methods in Solving Tridiagonal
Equations, and
software.Vol.27,No.11,2010,pp.76-78

[4]DUAN Zhijian, YANG Yong, " LV Quanyi,et al. Parallel

strategy for solving block-tridiagonal linear systems”,

Computer applications

Copyright (c) 2013 International Journal of Computer Science Issues. All Rights Reserved.

Computer Engineering and Applications, Vol.47,No
13,2011,pp.46-49.

[5] LI Tai-quan, XIAO Bo-xun, "lterated parallel diagonal
dominant algorithm for tridiagonal systems", Journal of
Computer Applications, Vol.32,N0.10,2012,pp.2742- 2744

[6]LIU Yang, "Study of odd-even reduction parallel algorithm
for linear

block-tridagonal systems”,  Computer

Engineering and Design, Vol. 30, No.13, 2009,

pp.3193-3195.

[7IMIAO Sha, ZHENG Xiaowei, "Mult-icore parallel
algorithm for cubic spline curve fitting”, Journal of
Computer Applications, Vol.30, No.12, 2010, pp.
3194-3196.

[8] Chaowei Jiang, Xueshang Feng, “A Unified and Very Fast
Way for Computing the Global Potential and Linear
Force-Free Fields”, Solar Physics,Vol. 281, No.2,2012,pp.
621-637.

[9]Kyle A. Gallivan,
Grama,Bernard Philippe,Eric Polizzi,Yousef Saad, Faisal

Efstratios Gallopoulos, Ananth

Saied, Danny Sorensen, “Parallel Numerical Computing

from llliac IV to Exascale—The Contributions of Ahmed H.

Sameh” ,High-Performance Scientific Computing, 2012,
pp.1-44
[10]Ji-teng Jia, Qiong-xiang Kong, Tomohiro Sogabec, “A fast
numerical algorithm for solving nearly penta-diagonal
International  Journal

linear systems”, of Computer

Mathematics, Vol.89, N0.6,2012, pp.851-860.

1J

CSI

www.lJCSl.org


query:linear%20interpolation%20method
query:linear%20interpolation%20method
query:linear%20interpolation%20method
query:biparameter%20method
query:linear%20interpolation%20method
query:linear%20interpolation%20method
query:biparameter%20method



